UNOBSTRUCTED MODULAR DEFORMATION PROBLEMS 
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Abstract. Let / be a newform of weight k > 3 with Fourier coefficients in a 
number field K. We show that the universal deformation ring of the mod A 
Galois representation associated to / is unobstructed, and thus isomorphic to 
a power series ring in three variables over the Witt vectors, for all but finitely 
many primes A of K. We give an explicit bound on such A for the 6 known 
cusp forms of level 1, trivial character, and rational Fourier coefficients. We 
also prove a somewhat weaker result for weight 2. 



1. Introduction 

Let / = X] a ri<7™ be a newform of weight k > 2, level N, and character u; let S 
be any finite set of places of Q containing the infinite place and all primes dividing 
N. For every prime A of the number field K generated by the a n , Deligne and Serre 
have associated to / a semisimple two dimensional Galois representation 

Pf,x '■ GQ,su{e} ~~ > GL 2 k\ 

over the residue field k\ of A; here Gq,su{^} is the Galois group of the maximal ex- 
tension of Q unramified outside S and the characteristic £ of k\. The representation 
pf.x is absolutely irreducible for almost all A; for such A let Rf \ denote the univer- 
sal deformation ring parameterizing lifts of pf _\ (up to strict equivalence) to two 
dimensional representations of Gq syjij over noetherian local rings with residue 



field k\ (see Section 2.1 for a precise definition). Using recent work of Diamond, 
Flach, and Guo || on the Bloch-Kato conjectures for adjoint motives of modular 
forms we prove the following theorem. 

Theorem 1. If k > 2 , then 

(1-1) ^A = W / (fcA)[[T 1 ,T 2 ,T 3 ]] 

for all but finitely many primes A of K (depending on f and S); here W(k\) is 



the ring of Witt vectors of k\. If k = 2, then (1.1) holds for all but finitely many 
primes A of K dividing rational primes £ such that 

(1.2) aj ^ u){£) (mod A). 

The special case of Theorem [j] for elliptic curves was proven by Mazur [[l5) 
using results of Flach || on symmetric square Selmer groups of elliptic curves. For 
weight k > 3, Theorem [l] answers Mazur's question of Jl5| , Section 11] concerning 
the finiteness of the set of obstructed primes for modular deformation problems; 
previously this finiteness was not known for a single modular form. We refer to [|l5| 
for a discussion of additional applications of Theorem |l|. 

Our methods are in principle effective: that is, given enough information about 
the modular form / it is possible to determine a finite set of primes A containing 
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all those violating ([l.l|). As a first example, we combine Theorem |T| with work of 
Hida and Mazur to prove the following theorem. 

Theorem 2. Let f be one of the normalized cusp forms of level 1, weight k = 
12, 16, 18, 20, 22 or 26, and trivial character. Let £ > k + 1 be a prime for which 
Pf^e is absolutely irreducible. Then 

(1-3) Z^pi, T 2 ,T 3 ]]. 



For example, for / = A, (|F3|) holds for £ > 17, I ^ 691. 

By |ll| , to prove Theorem |l] it suffices to show that the Galois cohomology group 
H 2 (GQ,a,dpf.\) of the adjoint representation of pf t \ vanishes for almost all A (or 



for almost all A satisfying (1.2) when k — 2). In Section |2| we explain how to use 
Poitou-Tate duality and results on Selmer groups as in H to reduce the proof of 
Theorem |l] to two statements: 

(1) For fixed p, H°(Gal(Qp/Q p ),e\ £5 adp/^) = for almost all A; 

(2) ij"°(Gal(Qi /Qi), e\ (g) a.dpf^\) = for almost all A (or for almost all A 
satisfying (F2) when k — 2), where £ — char k\. 



In the elliptic curve case, the restriction of p/^ to the absolute Galois group G p 
of Q p has a canonical interpretation as the Galois action on the ^-torsion points 
of the elliptic curve; the proofs of (1) and (2) are then a straightforward exercise 
using formal groups and the Kodaira-Neron classification of special fibers of Neron 
models of elliptic curves. Unfortunately, for more general modular forms there is 
no canonical model of the (often reducible) representation p/.a|g j and the tools 
from the elliptic curve case are no longer applicable. 

Our proof of (1) divides into two cases. Let ir p be the p-component of the 
automorphic representation corresponding to /. If 7r p is principal series or super- 
cuspidal, then there is no harm in studying the semisimplification of /5/,a|g p - One 
can then use the local Langlands correspondence for GL 2 to deduce (1) for such p. 
This is done in Section |3|. If tt p is special, then to prove (1) for p it is not sufficient 
to consider the semisimplification, and the lack of a canonical choice for pf t \\G p 
prevents one from using a purely local approach. Instead, we use a level-lowering 
argument suggested to us by Ken Ribet to verify (1) for such p. We present this 



argument in Section 5.2 



We use the theory of Fontaine-Laffaille to reduce (2) to a computation with 
filtered Dieudonne modules; this is presented in Section^. The proofs of Theorems [l] 
and |^ are given in Section |H[ 

It is a pleasure to thank Matthias Flach, Elena Mantovan, Robert Pollack, and 
Ken Ribet for helpful conversations related to this work. 



Notation. If p : G — > GL 2 K is a representation of a group G over a field K, we 
write ad p : G — > GL4 K for the adjoint representation of G on End(p) and ad°p : 
G — > GL3 K for the kernel of the trace map from ad p to the trivial representation. 

We write Gq := Gal(Q/Q) for the absolute Galois group of Q. We fix now 
and forever embeddings Q e — > Q p for each p; these yield injections G p <— ► Gq with 
G p := Gal(Qp/Q p ) the absolute Galois group of Q p . All Frobenius elements are 
geometric, although for a character lo unramified at £ we use the usual normalization 
uj{£) :— (^(Frob^T 1 ). We use the phrase "almost all" as a synonym for the phrase 
"all but finitely many" . 
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2. Deformation theory 

2.1. Universal deformation rings. Let k be a finite field of odd characteristic 
I. Let S be a finite set of places of Q containing £ and the infinite place, and 
let Qs denote the maximal extension of Q unramified away from S; set Gq^s '■= 
Gal(Qs/Q). Consider an absolutely irreducible continuous Galois representation 

p ■ Gq.s -> GL 2 k. 

We further assume that p is odd in the sense that the image of complex conjugation 
under p has distinct eigenvalues. 

Let C denote the category of inverse limits of artinian local rings with residue 
field k; morphisms in C are assumed to induce the identity map on k. For a ring A 
in C, we say that p : Gq,s —* GL 2 A is a lifting of p to A if the composition 

Gq,s GL 2 A -> GL 2 fc 

equals p. We say that two liftings p\ , p 2 of p to ^4 are strictly conjugate if there 
is a matrix M in the kernel of GL 2 A — > GL 2 fc such that pi = M • p 2 • M~ l . 
A deformation of p to A is a strict conjugacy class of liftings of p to A. The 
deformation functor 

Df :C -> Sets 

sends a ring A to the set of deformations of p to A. Since p is absolutely irreducible, 
by jl3| Proposition 1] the functor Dp is represented by a ring Rp of C; that is, there 
is an isomorphism of functors 

Dl(-)=Rom c (Rp,-). 

We call Rp the universal deformation ring for the deformation problem Dj? . 

The deformation problem is said to be unobstructed if 7? 2 (Gq ! 5, adp) = 0. 
In this case, 

U, Sections 1.7 and 1.10] gives the following description of Rp. 
Proposition 2.1. If D^ is unobstructed, then 

Rp = W(k)[[T u T 2 ,T 3 }} 
with W(k) the ring of Witt vectors of k. 

2.2. A criterion for unobstructedness. We continue with the notation of the 
previous section. In this section we recall Flach's criterion of || Section 3] for the 
vanishing of H 2 (GQ y s, ad/5). Let O £ C be a totally ramified integral extension of 
W(k). Let m denote the maximal ideal of O and fix a lifting 

P ■ G Q ^s -> GL 2 O 

of p to 0. Let K denote the fraction field of O and let V p (resp. A p ) denote a three 
dimensional if-vector space (resp. (K/O) 3 ) endowed with a Gq s action via a,d°p; 
we write V p (l) and A p (l) for their Tate twists. 

We recall that the Selmer group of any these Galois modules M is defined by 

H}(G Q ,M) := {ceH\G Q ,M); c\ Gp e Hj(G p ,M) for all p} 

where Hj(G p , M) is as in jl], Section 3]. Let V, A denote either of the pairs V p , A p 
or V^l), A p (l). We define LLI(A) via the exact sequence 

(2.1) -» uH}(G Q ,V) -» #}(G Q , A) -» m(>i) ^ 
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with i : V — » A the natural map. Finally, for any Gc^s-module M we define 

LU 1 (G Q , S ,M) :={ceH l {G Q , s ,M); c\ Gp = for allptS}. 
Let Eg : Gq — » fc x denote the mod £ Teichmiiller character. 

Proposition 2.2. Lei p be as above. Suppose that 

(1) H° (G p ,e t ® ad p) = /or all p G S — {oo}; 

(2) ff}(G Q ,V p (l))=0; 

(3) H}(G Q ,A p ) = 0. 

Then the deformation problem is unobstructed. 

Proof. The trace pairing on ad p identifies e~i ® ad p with the Cartier dual of ad p. 
Poitou-Tate duality (see jl6[ Proposition 4.10]) thus yields an exact sequence 

(2.2) J] H ° ( G p> et ® ad p) ^ Hom fe (H 2 (Gq,<j, ad p),k) -> 
peS-{oo} 

in 1 (G QiS ,E je (8)axip). 

The latter group decomposes as 

in 1 (Gq, s , e> <8> ad p) = HI 1 (G QiS , e/) 8 IP 1 (G Q)g , e £ ® ad°p), 

and the first summand vanishes by ||l9| , Lemma 10.6]. Thus, by (2.2) and hypothesis 
(0), to prove the proposition it suffices to show that IH 1 (GQ i s,e^ ® ad°p) = 0. 

Since p is a lifting of p, the GQ^-module Ap(l)[m] is a realization of e~i ® ad°p. 
Since p is irreducible, the natural map 

H\G Qi e t ® ad Q p) = ff 1 (G? Q ,A p (l)[m]) -> ^(Gq, 

is injective. The image of III 1 (Gq j s,££ ® ad°p) under this map is easily seen to lie 
in Hj(GQ, A p (l)), so that to complete the proof it suffices to show that this Selmer 
group vani shes. 

By (|2.l[ ) and hypothesis (|J) we have LU(A p ) = 0. Since A p ( l) i s Cartier dual to 
Ap, by ||7|, Theorem 1] this implies that LU(A p (l)) = 0. By (|2.l[ ) and hypothesis 
(||), we conclude that H}(Gq, A p (1)) = 0, as desired. □ 



3. Local invariants, i ^ p 

3.1. Characters. Fix a prime p and let O C C denote the ring of integers of 
a number field K. For each prime A of O not dividing p, fix an isomorphism 
l\ : C K\ extending the inclusion O <-> 0a • 

Let -F be a finite extension of Q p ; set Gf = Gal(F/F). We say that a continuous 
character \ : F x — > C x is of Galois-type with respect to ia if the character iA ° X : 
F x — > extends to a continuous character 

X\ : Gi? ► X x 

via the dense injection F x <— > G|. b of local class field theory. We then write xa : 
Gf — » for the reduction of xa- We say that x is arithmetic if x(-F x ) C Q x . 

Lemma 3.1. Let x ■ F x —> C x be an arithmetic character of Galois-type with 
respect to l\ for all X\ p. If XX = 1 /or infinitely many A, t/ien x = 1- 
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Proof. Let A be the prime of Q which is the kernel of the composition 

<?Q Rx - F t . 

If x\ = Ij then x{F x ) C 1 + A. If this hold for infinitely many A, then x(F x ) — 1 
lies in primes of Q of infinitely many distinct residue characteristics and thus is 
trivial, as claimed. □ 

3.2. Computation of local invariants. Let tt be an irreducible admissible com- 
plex representation of GL2 Q p . (See || Section 11] and the reference therein for 
definitions, or see g for a thoroughly enjoyable introduction.) We say that tt is 
arithmetic if either: 

(1) 7r is a subquotient of an induced representation ir{xiiX2) with each \% '■ 
Q x — > C x arithmetic; or 

(2) tt is the base change of an arithmetic character \ '■ F x ~ > C x for a quadratic 
extension F/Q p ; or 

(3) tt is extraordinary. 

We will recall the notion of Langlands correspondence (with respect to i\) between 
tt and a A-adic representation p : G p — > GL2 K\ in the course of the proof below. 
We write |-| : Q x — * C x for the norm character; it is arithmetic and of Galois- 
type with respect to each l\, with |-k equal to the A-adic cyclotomic character 
e x :G p ^K*. 

Proposition 3.2. Let tt be an arithmetic irreducible admissible complex represen- 
tation of GL2 Q p . Let {p\ : G p — > GL2 Kx}x\p be a family of continuous represen- 
tations such that tt and p\ are in Langlands correspondence with respect to L\ for 
all A {p. If it is principal series or supercuspidal, then 

H°(G p ,e A ®adp s A s ) = 

for almost all A. 

Proof. For A of odd residue characteristic we have 

e A ® adpf s e x © (e A ® adVf). 

The first summand is trivial if and only if A divides p — 1 , so that we may restrict 
our attention to e\ ® ad°p A s . 

Assume first that tt = tt(xi->X2) IS arithmetic principal series. In this case, for 7r 
to be in Langlands correspondence with p\ means that the Xi '■ Qp C x are of 
Galois-type with respect to l\ and p\ = xi,\ © X2,A- Thus 

(3.1) e x ® &d°pf S e x © £\Xi,\X^x © ^Xi,\X~2,\- 

We must show that each of these characters is non-trivial for almost all A. As above, 



this is clear for e\. If exX\ xX 2 x * s trivial for infinitely many A, then by Lemma 



we must have X1X2 1 — I'l • However, tt would then be special or one dimensional, 
rather than principal series; thus this can not occur. The same argument deals with 
the characters £aXi~a^2 a > settling this case of the proposition. 

Next assume that tt is supercuspidal but not extraordinary. Then tt is the base 
change of an arithmetic character x '■ F x —* C x for a quadratic extension F of Q p . 
The Langlands correspondence in this case implies that x is °f Galois-type with 
respect to each Lx, and 

px = Ind G * xx- 
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Let x c be the Gal(F/Q p )-conjugate character of \ an d let uj : F x — > C x denote 
the character \ ' (% c ) • We have 

e x ® ad°p s A s = s xX f © (e* © Ind^; w A ) 

with : Gal(F/Q p ) — > {±1} the non-trivial character for F/Q p . The first sum- 
mand is not a problem for £ > 3. The second summand is irreducible if and only 
if u>\ ^ u)\. In particular, if u> ^ lu c , then this case of the proposition follows from 
Lemma 3T. If instead u = uj c , then u 2 = 1,uj extends to a character u; : Q* — * C x , 
and 

£ A © ad°p s A s e A XF © £a^a © £a^ a 

Since w 2 = 1, we clearly have w ^ |-| 1 ; this case of the proposition thus again 
follows from Lemma [Tl| . 

Finally, if 7r is extraordinary, then p = 2, the image projp A (^2) of inertia in 
PGL2 Qe is isomorphic to or £4, and the composition 

proj p A (/ 2 ) PGL 2 Q, ^ GL 3 Q, 

is an irreducible representation of proj p A (12)- Since projp A (/ 2 ) has order 12 or 
24, it follows that ad°/9 A = ad°p A s is an irreducible F^-representation of / 2 for A of 
residue characteristic at least 5. Thus already H (I 27 £\ © ad°p A s ) = for such A; 
the proposition follows. □ 

Remark 3.3. Note that if p : G p — > GL 2 Fg is any reduction of p, then 
dim^ if°(G p , £a © ad°p) < dim,, H°(G P , ex © ad°p ss )- 

Remark 3.4. Suppose that n — 7r(xi)X2) is an unramified principal series repre- 
sentation (that is, Xj( Zp ) = 1 for i = 1,2). Then if ir is in Langlands correspon- 
dence with p\, using (3.1) one finds that: 

if°(G p ,e A ©adVA S ) 

p(xi(p) +X2O)) 2 = (p+ 1) 2 Xi(p)X2(p) (mod A). 

In the case of a representation p/. A associated to a newform f = ^2 a n q n of weight 
fc, level N, and character w (see Section 5.1), this translates to the condition: 

H°(G p ,e x ®ad°ff x ) ^0 a 2 p =p k - 2 ( P +l) 2 Lu{p) (mod A) 

for p \ Nl. 

Remark 3.5. If n is one dimensional or special, then 

dim^ ff°(G p , £ A ©ady s ) = 1 

for almost all A. For 7r special, however, one might hope to obtain an analogue 
of Proposition 3.2 by allowing p to be non-semisimple. Unfortunately, there is no 
way to formulate such a result purely locally. Instead, for the case of special local 
components of Galois representations attached to modular forms, in Section 
we will use global considerations to rigidity p\ we will then be able to obtain the 
required vanishing in the special case as well. 
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4. Local invariants, t = p 

4.1. Filtered Dieudonne modules. We briefly review the theory of Fontaine- 
Laffaille || . Let A' be a finite extension of with ring of integers O . Let v : A x — > 
Q be the valuation on A, normalized so that v(£) — 1; let A be a uniformizer of O 
and let e = ti(A) -1 denote the absolute ramification degree of A. 

Definition 4.1. A filtered Dieudonne O-module (over Ze) is an O-module D of 
finite type, endowed with a decreasing filtration (D l )i^z by O-module direct sum- 
mands and a family (fi : D l — > -D)igz of O-linear maps satisfying: 

(1) D i = D (resp. D i = 0) for i < (resp. i > 0); 

(2) /ibi+i = £ • /i+i for all i; 

(3) D = J2 ieZ MD<). 

For a < b, let A4^ ra ' b (0) denote the category of filtered Dieudonne O-modules D 
satisfying D a = D and £> h = 0. 

We now recall the relation between filtered Dieudonne O-modules and Galois 
representations. Let V be a finite dimensional A- vector space with a continuous 
A-linear action of Gi . Define a A- vector space 

^crys(^) := (B crys ®Q f V) Ge 

with J5 crys the crystalline period ring of Fontaine; D ciys (V) inherits a decreasing 
filtration (D* rys (V))i 6 z from the filtration on B ciys . We say that V is crystalline if 
D C rys(V) and V are A-vector spaces of the same dimension. 

For a < b, let Q a ' h {0) denote the cate gory of finite type O-module subquoticnts 

c Q rys (y) = D crys (V) and D'^ ys ( 



of crystalline A-representations V with (V) = D crys (V) and (V) = 



Fontaine-Laffaille define a functor 

U : MT a ' a+l {0) -> g a ' a+e (0) 

which is equivalent to the identity functor on the underlying O-modules and which 
induces an equivalence of categories between AtF a ' o+ * _1 (0) and g^+^MO). (See 
d Section 1.1] for more details; note that we are using Tate twists as in |lL Section 
4] to extend U to the case a ^ 0.) 

Example 4.2. Let u> : Gg — > O x be an unramified character of finite order and let 
0(uj) denote a free O-module of rank 1 with G^-action via u>. Then 0(u>) € t/ 0,1 (O), 
so that there is D u G MT ^{O) such that U(D U ) = 0(oj). This D u is a free O- 
module of rank one with = and /o multiplication by 

Example 4.3. Let f = J2 a nq n be a newform of weight k > 2, level A, and char- 
acter bj. Assuming that A contains some completion of the number field generated 
by the a n , there is a Galois representation pf : Gq — > GL2 A associated to / as in 
Section 5.1. Fix an embedding Ge > Gq and let V/ be a two dimensional A-vector 
space on which Gi acts via Pf\o{- 

Fix a G^-stable O-lattice T f C V/. If £ f A, then V/ is crystalline and T f 6 
g ' fc (O). Thus for £ > k there exists £>/ e MT°' k {0) with = T>. Using § 

Theorem 4.3] and standard properties of modular representations, one obtains the 
following description of Df. The filtration satisfies: 



ranko — 




8 



TOM WESTON 



Choose an 0-basis x, y of Df with x an 0-generator of Dj. Let a,(3,j,S £ O be 
such that 

f x = ax + (3y; f y = jx + Sy. 

Then a + S = at and aS — [3^ — £ k ~~ 1 u(l). By (|J) of Definition 4T we have 
v(a),v(f3) >k-l. 



4.2. Computation of local invariants. Let / and Tf be as in Example 4.3. Let 

Pf.G t -> GL 2 (0/A) 
be the Galois representation on Tf/XTf. 
Proposition 4.4. Assume l\ N and I > 2k. Then 

H° \G t , e x ® ad p f ) = 
unless k — 2 and af = ui(£) (mod A). 

Proof. Since det pf — £ x ~ k uj~ 1 , we have 



(4.1) 



adT)(l) Si (T f ® a T f ®o 



(where (—)(&) denotes the fc-fold Tate twist). It follows that ad 7/(1) G Q 



-k,k-l 



Since I > 2k, there thus exists D E M.T 



-k,k-l 



(O). 



(O) with U{D) ^ adl) (1). In fact, 



by (4.1) and 1 1 , Proposition 1.7] we can take 

D= (D f ® D f ® D u )(k) 

with notation as in Examples 4.2 and [T^. Further, since adT/(l)/A is a realization 
of e\ ® adp/, by jl], Lemma 4.5] we have 



(4.2) 



H°(Gz,ex <8 ad/5/) = ker(l - / : £>°/A£>° -> D/XD). 



Thus to prove the proposition it suffices to compute the latter group. 

By the definition of Tate twists and tensor products of filtered Dicudonne CP- 
modules, we have 



D° = (D f ®D f ®D u ) k 

= E 



n 11 



r)i 2 



D f 



D 



k-l 



O ■ (x®x®w) 



where x is as in Example 4.2 and w is an O-generator of D u . Using 
we compute: 



of Defini- 



tion 4.1 



(4.3) 



fo(x ® x <g> w) := fix ® ® /ow 



(ax + (3y) (g) (ax -I- /3y) (g) iu. 



(4.4) 
(4.5) 



Suppose now that (4.2) is non-zero. Then by (4.3) we must have 

2 — ok 



u-\f)t?=l k (mod A eH1 ); 
af3 = Q (modA efe+1 ). 
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In particular, we must have v(a) = k/2. Since also v{a) > k — 1, this implies that 



k = 2 and v{a) = 1. Thus (|LJ) implies that w(/3) > 1. As «(5 - /?7 = we 
conclude that v(<5) =0 and 

aS = £uj(£) (modA e+1 ). 



Using this and (4.4) one deduces easily that 

a 2 = (a + 5) 2 = lu(£) (mod A) 
as claimed. □ 

5. Unobstructed deformation problems 

5.1. Modular representations. Let f = Y1 a n9™ be a newform of weight k > 2, 
level N, and character ui. Fix a finite set of primes S containing all primes dividing 
N. Let K be the number field generated by the a n . Then for any prime A of if (say 
with residue field k\ of characteristic £) there is a continuous Galois representation 

Pf,x ■ GQ,su{t} — > GL 2 K\ , 

unramified with tr p/^Frobp) = a p for p \ N£; the determinant of pf^\ is e 1 x ~ k uj~ 1 . 
(We find it more convenient to work with this geometric normalization of P/,a, 
which is dual to the more common arithmetic normalization.) Let 

Pf,x ■ Gq^su{£} — * GL 2 k\. 

be the semisimple reduction of Pf,\. Then is absolutely irreducible for almost 
all primes A by |5[ Lemma 7.13]. 

Let 7r be the automorphic representation corresponding to / as in || Section 11.1] 
and let 7r = ® lr K p be the decomposition of 7r into admissible complex representations 
TT p of GL2 Q p . Fix isomorphisms l\ : C K\ (extending the inclusion K K\) 
for all A. By ||, Theoreme B] and Proposition 9.3] each tt p is arithmetic and 
infinite dimensional and is in Langlands correspondence (with respect to l\) with 
Pf,x\c p for each X\p. 

5.2. Special primes. We continue with the notation of the previous section. Let 
p be a prime such that tt p is special; that is, tt is the unique infinite dimensional 
subquotient of n(x |-| ,x) f° r an arithmetic character x '■ Qp ~ * C x . Then x is of 
Galois-type with respect to L\ for each A { p, and 



Pf,x\G p = 



£xXx * 
XX 

with the upper right-hand corner non-zero and ramified. 
Lemma 5.1. If p 2 ^ 1 (mod A), then 



PfMG p 



kx S 



£xXx * 
XX 



Proof. Since the semisimplfication of P/,a|g p ® is £xXx © Xa, the only way the 
lemma can fail is if 

' Xx v 



Pf,x\G p ®h= ( X q 



£xXx 

with v non-trivial. One checks directly that e^x^v is naturally an element of 
iJ 1 (G p , k\(— 1)); since this cohomology group is trivial unless p 2 = 1 (mod A), the 
lemma follows. □ 
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Using Lemma 5.1, the proof of the next lemma is a straightforward matrix com- 
putation; we omit the details. 

Lemma 5.2. Let p be a prime for which n p is special. Let X be a prime not dividing 
2p(p 2 - 1). Then 

#°(G p ,£ A ®adV/,A)^0 

if and only if /5/,a|g p ® k x is semisimple. 

The level-lowering approach of the next proposition was suggested to the author 
by Ken Ribet. 

Proposition 5.3. Let p be a prime for which ir p is special. Then 

H o (G p ,£ X ®&dp ftX ) = 

for almost all primes X. 

Proof. As always it suffices to prove the proposition for e x (g) ad°p/,A- Let \ be 
as above. Since the automorphic representation 7r has central quasi-character 

I . I ^ f . i 1 ttt/1 -m Ti m rs\ i /2 I I , , " 1 



, we must have % I ' I W P > where cj p : Q* — » C x is the p-component 

of uj. In particular, x p := X 1 I'l has finite order. Extend x' P to a Dirichlet 
character x' and let /' denote the newform of weight k and some level M associated 
to the eigenform f ® x' ■ The p-component tt' p of the automorphic representation 
associated to /' is a subquotient of tt(x' p X I'l ) XpX); since x p X i s unramified at p by 
construction, we conclude that p divides M exactly once. 

Suppose now that A \ 2p(p 2 — 1) is such pf t x is irreducible and 

(5.1) H°(G p ,s x ®a,d°p f , x ) ^0. 



Then pf y \\c p <%> k\ is semisimple by Lemma ^2, so that 



Pf,\\c p ®k x = e\X\ © Xa 



by Lemma 5.1. Thus 

PJ',\\g p =P},\\g p ®X p =4~' ©^a'- 

In particular pf,x is unramified at p. By [|[ Theorem 1.1] applied to /' there is 
then a newform /" of weight k and level dividing M/p with /' congruent to /" 
modulo some prime of Q above A. However, there are only finitely many newforms 
/" of weight k and level dividing M/p, and for each such /" there are only finitely 



many A with /' congruent to /" modulo some prime of Q above A. Thus (5.1) can 



only hold for finitely many A; the proposition follows. □ 

5.3. Proof of Theorem [j]. Let / and S be as above. For any A at which pf t \ 
is absolutely irreducible, we write Rf\ for the universal deformation ring for the 



deformation problem Dp^jf as in Section 2.1 



Theorem 5.4. Suppose k > 2. Then 
for almost all primes X. 



R? x SiW{kx)[[Ti,T 2 ,T 3 l 
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Proof. We apply Proposition 2.2 to the lifting pj\ of pf.\. Hypothesis (1) holds 
for almost all A by Proposition 3.2 and Remark 3.3 (for p S S for which 7r p is not 
special), Proposition |5.3| (for p G S at which ir p is special), and Proposition 4.4 (for 



p = £). Hypotheses (2) and (3) hold for almost all A by H Theorems 8.2 and 7.45] 
and the fact that (in the notation of ^|) 

Hj(G Q ,A Pf J C H^(G Q ,A Pf x ) 

for any finite set of primes E. Thus the deformation problem D pf ^ is unobstructed 
for almost all A; Proposition 2.4 completes the proof. □ 

Theorem 5.5. Suppose k = 2. Then 
(5.2) 



, f , x = W(k x )[[T u T 2 ,T 3 ]] 

for almost all primes A dividing £ with aj ^ w{£) (mod A). In particular, (5.i) 
holds for a set of A of density one. 



Proof. The proof of the first statement is the same as the proof of Theorem 5.4, 



taking into account the modifications for k = 2 in Proposition 4.4. The density 
statement follows from |T^, Theorem 20] and the Ramanujan-Petersson conjecture 
(proven by Deligne). □ 

Note that by [[t3| Section 4.3], the analogue of these results for the arithmetic 
normalization of pf^\ hold as well. 

5.4. Modular forms of level one. Let / be the unique normalized cusp form 
of level 1, weight k = 42, 46, 48, 20, 22 or 26, and trivial character. Then / has 
rational coefficients, so that for every prime I we obtain a representation 

Pf,e ■ Gq^{£} — > GL 2 F^. 
We recall the set of primes I for which pfj is not absolutely irreducible (see ]47|): 



k 


I 


k 


I 


42 


2,3,5,7,694 


20 


2,3,5,7,44,43,283,647 


46 


2,3,5,7,44,3647 


22 


2,3,5,7,43,47,434,593 


48 


2,3,5,7,44,43,43867 


26 


2,3,5,7,44,47,49,657934 



Theorem 5.6. Let f be as above and let £ > k + 1 be a prime for which pj t i is 
absolutely irreducible. Then 



(5.3) 



Rf,t — Zi[[Ti,T2,T 3 



We leave it to the reader to use Remark 3.4 to derive the generalization of 



Theorem 5.6 to the case S ^ 0. 

Proof. Fix £ > 2k. Then by |, Corollary 7.2 and Section 7.4] we have 

(5.4) #H)(G Q ,A W ) = #H$(G Q ,A Pfie ) - #Z e /r$Zi 

where m C Z is the congruence ideal of ||, Section 6.4]. By definition, m is 
generated by the element d(f) of |44], Theorem 4]. Using |44|, Theorem 4 and 
Theorem 2] and the fact that / is the unique normalized cusp form of its weight, 
level, and character, we see that d(f) is divisible only by primes < k — 2. In 
particular, d(f) is not divisible by £, so that ( J5.4J ) implies that 

(5.5) H}(G Q ,A Pfe ) = 0. 
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TOM WESTON 



Since 5 = 0, Propositions 2.2 and 4.4 now imply that (5.2) holds for I > 2k 



The fact that it holds for k + 1 < I < 2k follows on checking the criterion of [|l4| 
Section 7] for each such I. □ 
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